Abstract. We explore new implications of the M (r, s) and M * (r, s) properties for Banach spaces. We show that a Banach space X satisfying property M (1, s) for some 0 < s ≤ 1, admitting a point x 0 in its unit sphere at which the relative weak and norm topologies agree, satisfies the generalized Gossez-Lami Dozo property. We establish sufficient conditions, in terms of the (r, s)-Lipschitz weak * Kadec-Klee property on a Banach space X, to guarantee that its dual space satisfies the UKK * property. We determine appropriate conditions to assure that a Banach space X satisfies the (r, s)-Lipschitz weak * Kadec-Klee property. These results are applied to prove that every spin factor satisfies the UKK property, and consequently, the KKP and the UKK properties are equivalent for real and complex JB * -triples.
Introduction
Banach spaces which are M-ideals in their bidual have been intensively studied during decades due the rich geometric and isometric properties that they enjoy (compare the monograph [23] ). J.C. Cabello and the second author of this note explore a weaker notion in [9] . Following the just quoted reference, a Banach space X satisfies the M(r, s)-inequality (with r, s ∈]0, 1]) if Independently from the fixed point theory, The Kadec-Klee property has been deeply studied in certain particular classes of Banach spaces including C * -algebras and JB * -triples in connection with the Alternative Dunford-Pettis property (compare [1, 6, 3] and [8] ). Proposition 2.13 in [6] provides a complete description of those JB * -triples satisfying the KKP, namely, a JB * -triple satisfies this property if and only if it is finite-dimensional or a Hilbert space or a spin factor. A similar conclusion holds for real JB * -triples (compare [3, Proposition 3.13] ). It is a natural open problem to ask wether a JB * -triple satisfying the KKP satisfies or not the stronger UKK property. This is one of the motivations for this note.
In section 3 we explore new geometric implications of the M(r, s) and M * (r, s) properties. In [20, Theorem 2.4 and Corollary 2.5], J. García-Falset and B. Sims proved that if a Banach space X has property (M), and S X contains a point at which the relative weak and norm topologies agree, then X has w-ns. We establish a generalization of this result by showing that a Banach space X satisfying property M(1, s) for some 0 < s ≤ 1, and admitting a point x 0 in its unit sphere at which the relative weak and norm topologies agree, satisfies the generalized Gossez-Lami Dozo property (see Proposition 3.1). In Theorem 3.2 we prove that for a Banach space X satisfying property M * (1, s) for some 0 < s ≤ 1, reflexivity of X admits many equivalent reformulations in terms of classical properties like Radon-Nikodým property, PCP, and KKP. Proposition 3.5 provides sufficient conditions, in terms of the (r, s)-Lipschitz weak * Kadec-Klee property on a Banach space X, to guarantee that its dual space satisfies the UKK * property (see definitions below). Theorem 3.6 sets appropriate conditions to assure that a Banach space X satisfies the (r, s)-Lipschitz weak * Kadec-Klee property. These two results, appropriately combined, allow us to establish, in section 4, that every spin factor satisfies the UKK property (Theorem 4.1), and consequently, the KKP and the UKK properties are equivalent for real and complex JB * -triples (see Corollary 4.2 and Proposition 4.4). We also obtain, with similar arguments and tools, another proof of the result, established by C. Lennard, which asserts that L 1 (H) satisfies the UKK * property (Theorem 4.3).
Background and basic definitions
Throughout the paper, the closed unit ball and the unit sphere of a given Banach space X will be denoted by B X and S X , respectively.
A sequence (x n ) in a Banach space X is called separated (respectively, ε-separated ) if sep(x n ) := inf{ x n − x m : n = m} > 0 (respectively, ≥ ε). It is known that X has the Kadec-Klee property if and only if every separated weakly convergent sequence (x n ) in the closed unit ball of X converges to an element of norm strictly less than one.
Following standard notation, we say that X satisfies the uniform Kadec-Klee (UKK) property if for each ε > 0 there exists δ > 0 such that for every sequence (x n ) in the closed unit ball of X satisfying sep(x n ) ≥ ε and (x n ) → x weakly, then it holds that x < 1 − δ (see [24] ).
Clearly, if X has the Schur property (i.e. norm and weak convergent sequences in X coincide) or if X is uniformly convex then X has the UKK property. While uniformly convex spaces are necessarily reflexive, it turns out that many classical non-reflexive spaces, e.g. the Hardy space H 1 of analytic functions on the ball or on the polydisc in C N [5] , the Lorentz space L p,1 (µ) [12, 14] and the trace class operators L 1 (H) [24] , satisfy the UKK or the UKK * property.
A Banach space X is said to be nearly uniformly convex if for every ε > 0, there exists a δ, 0 < δ < 1 such that for any sequence {x n } in the closed unit ball
We recall next the definition of the uniform weak * Kadec-Klee property, which is somehow due to B. Sims [35] . Suppose that X is a dual Banach space and ε > 0. X is ε-uniformly Kadec-Klee in the weak*-topology (ε-UKK * in the sequel) if there exists δ ∈ (0, 1) such that whenever C is a weak * compact, convex subset of unit ball B X with sup{sep(x n ) : (x n ) ⊂ C} ≥ ε it follows that C ∩ (1 − δ)B X = ∅. X is said to have the uniform Kadec-Klee property in the weak*-topology (UKK * property) if it is ε-UKK * for all ε > 0.
If B X * is weak * sequentially compact, the weak * uniform Kadec-Klee property can be reformulated in terms of the definition given for UKK property in page 3, but replacing weak convergence with weak * convergence (see [17, §3] ).
Banach spaces satisfying the M(r, s)-properties
In this section we shall revisit the additional properties satisfied by Banach spaces possessing M(r, s)-properties in connection with previous contributions.
We recall that a Banach space X has weak normal structure (in short w-ns) if every weakly compact convex subset K of X containing more than one point admits a nondiametral point, that is, there exists x in K such that
When X is a dual Banach space, if in the above definition, the weak topology is replaced with the weak * -topology we say that X has weak * normal structure (w * -ns). Another related property is the generalized Gossez-Lami Dozo property (GGLD property in short). A Banach space X satisfies the GGLD property if for every weakly null sequence (x n ) in X such that lim n x n = 1, we have that D[(x n )] > 1, where
It is known that every Banach space satisfying the GGLD property has w-ns (see [26] ).
In [20, Theorem 2.4 and Corollary 2.5], J. García-Falset and B. Sims proved that if a Banach space X has property (M), and S X contains a point at which the relative weak and norm topologies agree, then X has w-ns. Making use of a different technique, we show next that the class of Banach spaces for which the conclusion of the above result of García-Falset and Sims holds also includes Banach spaces satisfying property M(1, s) for some 0 < s ≤ 1. We prove that a stronger conclusion is also true. In Example 3.10 below we present a Banach space satisfying the M(1, s) property for a fixed 0 < s < 1, but failing the (M) property.
Proposition 3.1. Let X be a Banach space having property M(1, s) for some 0 < s ≤ 1. If there exists a point x 0 ∈ S X at which the relative weak and norm topologies agree, then X has the GGLD property.
Proof. Suppose that X fails to have the GGLD property. Then there exists a weak null sequence (x n ) in X satisfying
Let x ∈ X with x < 1. Then, for m large enough we have x ≤ x m . So, we deduce, by property M(1, s), that lim sup
Hence, taking limit on m, we have that lim sup n x − sx n ≤ 1. Therefore, by the triangular inequality, lim sup n x − sx n ≤ 1 for all x ∈ B X . In particular, by the weak lower semi-continuity of the norm, lim sup n x 0 − sx n = x 0 = 1. So, we deduce from the hypothesis on x 0 that lim n x σ(n) = 0, for a suitable subsequence (x σ(n) ) of (x n ), which is a contradiction.
We recall that a Banach space X has the point of continuity property (PCP in short) if every non-empty (weakly) closed subset K of B X admits a point at which the identity map on K is weak-norm continuous (compare [18] , [21, §III] It is well known that every reflexive space has the Radon-Nikodým property
, and (i) ⇒ (vi) are also well known.
(iv) ⇒ (v) Let x 0 be a point in S X at which the relative weak and norm topologies on S X sequentially agree. Let x ∈ S X and let (x n ) be a sequence in X with (x n ) w −→ x and x α −→ 1. By property M(1, s) and the weak lower semi-continuity of the norm,
Thus, by assumptions, lim n x n − x = 0.
If X is non-reflexive then, by [9, Corollary 3.4(1)], X contains an isomorphic copy of c 0 . Thus, we have (vi) ⇒ (i). If we assume (iv), Proposition 3.1 implies that X has the GGLD property. However, by [16, Theorem 8] , X fails to have the GGLD property, which is a contradiction. This proves (iv) ⇒ (i). property) if for every x * ∈ X * and every weak
It is obvious that the (r, s)-LKK * property implies property M * (r, s) (property M * (r, s) and its sequential version are equivalent for separable spaces -see [23, pp. 300, 301]). Proof. Arguing by contradiction, we suppose the existence of a point x 0 ∈ S X at which the relative weak and norm topologies on S X coincide. By [9, Proposition 2.5], X is an Asplund space. Thus, X does not satisfy Schur property. So, there exists a weakly null sequence (x n ) in S X . We deduce, by the weak lower semi-continuity of the norm and [22, Lemma 2.5] , that lim sup n ||x 0 + sx n || = 1, which implies, from our assumptions, that x σ(n) → 0, for a certain subsequence (x σ(n) ), which is impossible.
Let us fix some notation. Given ε > 0 we denote
For a Banach space X, we write
We establish now some results related to the UKK * property. We recall that for every separable Banach space X, the closed unit ball of X * is weak * sequentially compact. It is also known that B X * is weak * sequentially compact whenever X * does not contain a copy of ℓ 1 . In particular, B X is weak * sequentially compact whenever X is reflexive (cf. [13, Chapter XIII]). Proof. We observe that the hypothesis LKK * (X) ∩ π + 1,ε = ∅ for all ε > 0 implies that B X * is weak * sequentially compact. Indeed, since the (r, s)-LKK * property implies property M * (r, s), we deduce that, for every ε > 0, there exist r, s ∈ (0, 1] with 1−r s < ε such that X satisfies property M * (r, s). In particular, we can assure that X satisfies the M * (r, s) property for certain r, s with r + s > 1. Proposition 3.1 [10] and Corollary 2.8 in [9] assure that X does not contain an isomorphic copy of ℓ 1 , and hence B X * is weak * sequentially compact.
Let us fix an arbitrary ε > 0. Let (x * n ) be a sequence in B X * converging to x * in the weak * topology with sep(x * n ) ≥ ε and consider (r, s) ∈ LKK * (X) ∩ π
On the other hand, since sep(x * n ) ≥ ε, we have that lim sup n x * n − x * ≥ ε/2. Therefore,
We can establish now a key tool to deal with the (r, s)-LKK * property. We recall that lim sup and lim inf of a bounded net of real numbers can be defined in a similar manner as for sequences. 
then X satisfies the (r, s)-LKK * property.
Proof. Let us first observe that, by (1), we can easily deduce that (K j ) is a bounded net. Since for each x * ∈ B X * we have
it can be easily seen that
The equivalence of (1) and (2) was already established in [32, Proposition 2.3] for non-necessarily compact operators. The argument above is included here for completeness reasons. Now, let us fix x * ∈ X * and a weak * null sequence (x * n ) in X * . Given an arbitrary ε > 0, there exists a natural m 0 such that
Applying (2), we have lim sup
To simplify the notation, let us set
Since lim sup j a j ≤ lim sup m x * + x * m + ε, there exists j 0 such that for each j ≥ j 0 we have sup l≥j a l < lim sup j a j + ε ≤ lim sup m x * + x * m + 2ε. That is, the inequality
holds for every j ≥ j 0 and m ≥ m 0 . Since for a fixed subindex j, lim m K * j (x * m ) = 0, fixing an arbitrary j ≥ j 0 and taking limit lim sup m in the above inequality, we get Remark 3.7. We observe that, accordingly to the arguments given in the proof of Theorem 3.6, the assumption in (1) can be replaced with the inequality (2) and the conclusion of the Theorem remains unaltered (c.f. [32, Proposition 2.3]).
Let us observe that a bounded net (K j ) of compact operators on a Banach space X satisfying lim
for all x * ∈ X * , is termed a shrinking compact approximation of the identity in many references (see for example [23, Definition VI.4 
.16]).
We complete this section with a series of example that illustrate the optimality and novelty of our previous results.
Example 3.8. For 1 < p < +∞, consider the equivalent renorming of ℓ p , X = C ⊕ ∞ ℓ p , where the usual norm is considered on ℓ p . Then X satisfies the (r, s)-LKK * property for all positive r and s with r p + s p ≤ 1. Indeed, Let π n , (n ∈ N), denote the natural projection of X onto the first nth coordinates. Given (α, x), (β, y) ∈ B X and n ∈ N, we have
Theorem 3.6 implies that X satisfies the (r, s)-LKK * property for evert r, s ∈ (0, 1] with r p + s p ≤ 1.
We claim that X fails to have the KKP and property M(1, s) for every 0 < s ≤ 1. To see this, let {e n } denote the canonical basis in ℓ p , and we define x n = (1, e n ), its is clear that x n = 1 and (x n ) w −→ x 0 := (1, 0). However x n − x 0 = e n = 1, for every natural n. Clearly, X is reflexive. If X had property M(1, s) for a real s ∈ (0, 1], Theorem 3.2 would imply that X has KKP, which is impossible.
We present next a non-reflexive example. It is well known [19, Theorem 3 .b.9 and Theorem 3.d.4] that the James tree space JT has w-ns and the KKP. Applying Proposition 3.5, we improve these facts, obtaining stronger conclusion. To see the first statement, we recall that JT is separable and admits a (boundedly complete) basis (e n ) (compare [19, Definition 3.a.2]). We denote by π n , n ∈ N, the natural projections onto the nth first coordinates of this basis. By [19, Lemma 3.a.3 ] the inequality
holds for every n ∈ N and x ∈ JT . So, for every n ∈ N and x * , y * ∈ B JT * ,
Theorem 3.6 assures that B satisfies the (r, s)-LKK * property.
Having in mind that JT does not contain ℓ 1 (see [19, Theorem 3 .a.8]), and hence B JT is weak * sequentially compact, statement (b) follows from Proposition 3.5.
(c) It is well known that B has the PCP (so, B doesn't contain an isomorphic copy of c 0 ) and fails to have the Radon-Nikodým property (see [19, 4. (2)] gives the desired conclusion.
We consider next a series of examples inspired in [11] and [10] . . The arguments in the latest reference also prove that X satisfies the hypothesis of Theorem 3.6, and hence X satisfies the (1, 1 − a)-LKK * property.
We claim that X does not satisfy the (M)-property. Indeed, let x = 1 1+α 1 e 1 and y = 1 1+α 2 e 2 , where (e n ) is the canonical basis of c 0 . It is not hard to check that x = y = 1, x + e n = 1 +
, which shows that X does not satisfy property (M). We shall finally prove that X does not satisfy the M(1, s)-property for any 0 < s ≤ 1. Indeed, let x = (1, 0) and y = (0, e 1 ), where (e n ) is the canonical basis of c 0 . Clearly, x = y = 1. We can easily see that x + s(0, e n ) = 1 + λs and y + (0, e n ) = 1, for every n ≥ 2, which proves the desired statement.
Uniform Kadec-Klee property in JB * -triples
A spin factor is a JB * -triple V whose norm and triple product are given by the following rules. V is a Hilbert space with respect to an Hilbert product ·, · , there exists a conjugation · : V → V (i.e. a conjugate linear isometry of period 2) such that
and
for all a, b, c ∈ V . Let · 2 denote the Hilbert norm of V . Clearly,
We note that the spin factor V is not strictly convex.
There is an undoubted advantage of regarding spin factors as projective tensor products of certain Hilbert spaces. Given two Banach spaces X and Y , the symbol X ⊗ π Y will denote the projective tensor product of X and Y , while . π will stand for the projective norm. It is known that
. It follows from this identification that, given a Hilbert space H, the projective tensor product H ⊗ π H satisfies (H ⊗ π H) * = B(H), the space of bounded linear operators on H. It follows from the uniqueness of the predual of every von Neumann algebra that H ⊗ π H = L 1 (H), the trace class operators on H.
Spin factors can be represented as real projective tensor products of certain Hilbert spaces. More concretely, by Lemma 3.5 in [3] , for every spin factor V there exists a real Hilbert space K such that V is JB * -triple isometrically isomorphic to C ⊗ R π K, the real projective tensor product of K and C, when the latter is regarded as a real space. Under this point of view, the UKK property in spin factors can be easily handle. Proof. Let V = C ⊗ R π K be a spin factor, where K is a real Hilbert space. It is known that C ⊗ R π K * ∼ = B R (C R , K), where the latter denotes the space of all bounded real linear operators from C R into K. Since V is reflexive, we can regard V as a dual Banach space with V * = V * = B R (C R , K).
For each finite dimensional subspace F ⊆ K, let p F denote the orthogonal projection of K onto F . We define a finite range operator
given by K F (T ) = p F T . Clearly K F ≤ 1 for every F as above. Let F (K) denote the set of all finite dimensional subspaces of K ordered by inclusion. If we consider the net (K F ) F ∈F (K) , it can be easily checked that, for each T ∈ B R (C R , K), the net ( K F (T ) − T ) F tends to zero.
Fix now S, T ∈ B R (C R , K), r, s ∈ (0, 1], and λ ∈ C with |λ| ≤ 1. The inequality
holds for every F ∈ F (K). Therefore we prove that lim sup
for every r, s ∈ (0, 1] with r 2 + s 2 ≤ 1.
It can be easily seen that
and hence lim
Applying Theorem 3.6 with X = B R (C R , K) and the net (K F ) F ∈F (K) , we deduce that X satisfies the (r, s))-LKK * property for every r, s ∈ (0, 1] with r 2 + s 2 ≤ 1. Proposition 3.5 proves that X * = V satisfies the UKK * property. The proof concludes by observing that for a reflexive space the UKK property and the UKK * property are equivalent. Proof. Let E be a JB * -triple. Suppose that E has the Kadec-Klee property, by [6, Proposition 2.13], we can derive that E is finite-dimensional or a spin factor or a Hilbert space. It is known that a Hilbert space satisfies the uniform Kadec-Klee property. If E is a finite dimensional JB * -triple, then it is nearly uniform convex, and hence E satisfies the uniform Kadec-Klee property (see, for example, [24, p.744] ). Finally, if E is a spin factor, Theorem 4.1 proves that E has the uniform Kadec-Klee property.
We can actually show that similar techniques to those employed above can be also applied to give and alternative proof of a result due to C. Lennard [30] . As in the proof given by Lennard in the just quoted paper, we rely on previous results of J. Arazy [2] . We have already commented that the projective tensor product, 
On the other hand, it can be easily checked that for each ξ, η ∈ H, we have K * F (ξ ⊗ η) = p F (ξ) ⊗ p F (η), and hence
which can be apply to prove that lim We deduce by Theorem 3.6 (see also Remark 3.7) that K(H) satisfies the (r, s)-LKK * -property for every r, s ∈ (0, 1] with r + √ 6s ≤ 1. Since the unit ball of L 1 (H) = H ⊗ π H is weak * sequentially compact (see [30, Lemma 2.3] ), we are in position to apply Proposition 3.5 to assure that L 1 (H) = H ⊗ π H satisfies the UKK * .
Let us briefly recall that a real JB * -triple is a closed real subspace A of a JB * -triple E which is closed for the triple product of E (see [25] ). There is an equivalent definition asserting that every real JB * -triple is precisely the real subspace of all fixed points of a conjugation on a complex JB * -triple. More concretely, a conjugation on a complex Banach space X is a conjugate linear isometry of order 2 τ : X → X. The associated real form of X is the set of all τ -fixed points in X X τ := {x ∈ X : τ (x) = x}. Let us observe that X τ is the image of the real contractive projection 1 2 (id + τ ), and that
The Kaup-Banach-Stone theorem asserts that every linear (or conjugate linear) surjective isometry on a complex JB * -triple E is a triple isomorphism (see [27, Proposition 5.5] ). In particular, for every conjugation τ on E, E τ is a real JB * -subtriple of E. It is established in [25, Proposition 2.2] that every real JB * -triple is of the form E τ , where E is a complex JB * -triple and τ is a conjugation on E.
We can conclude now that the class of JB * -triples satisfying the UKK property is precisely the class determined in [6, Proposition 2.13] and [3, Proposition 3.13] .
